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Abstract 

We construct 2 x 2-matrix linear problems with a spectral parameter for the Painleve equations I-V by 
means of the degeneration processes from the elliptic linear problem for the Painleve VI equation. These 
processes supplement the known degeneration relations between the Painleve equations with the degeneration 
scheme for the associated linear problems. The degeneration relations constructed in this paper are based 
on the trigonometric, rational, and Inozemtsev limits. 
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1 Introduction 



We study the Painleve equations and the associated 2 x 2-matrix linear problems. The Painleve equations are 
six nonlinear ordinary second-order differential equations discovered by P. Painleve, R. Fuchs, and B. Gambier 
[H> 12 1 12, [I] at the beginning of the XX century. The approach to the Painleve equations from the point 
of view of the monodromy preserving deformations of linear ordinary differential equations was established by 
Fuchs in the work [3] and generalized in the works by L. Schlesinger [5] and R. Gamier [6], [Jj. After a long 
break this approach was further developed in the works [5], [5], [TO], [H], [TO]; see also books [TO], [TO], |15j . 

Another important approach to the Painleve equations was established in the work |16| — the Hamiltonian 
approach. It turns out that each Painleve equation is equivalent to the equations of motion of some non- 
autonomous Hamiltonian system. Such Hamiltonian systems were first introduced by K. Okamoto in the works 
|17j . |18j . and [TO]. The next step in the development of the Hamiltonian approach was the representation 
of the Painleve equations as non-autonomous Hamiltonian systems describing the motion of a particle in a 
nonstationary potential. The Hamiltonian of this type was constructed by Yu. Manin in |20| . Soon after 
A. Levin and M. Olshanetsky discovered (3Tj that the Lax pair of the elliptic Calogero system forms the linear 
problem for the equation of isomonodromic deformations on torus and, particularly, for the Painleve VI equation 
with specific choice of arbitrary constants. This connection between the Painleve VI equation and the integrable 
model of the Calogero type [22] was called the Painleve-Calogero correspondence. Later K. Takasaki [23] derived 
Hamiltonians for the Painleve equations I-V from the Manin's Hamiltonian using degeneration relations p. ID 
between the Painleve equations [TO]. It is worth noting that the similar diagram of degeneration (jl.ip was 
known (without any connection to the Painleve equations) for the autonomous Inozemtsev systems [24] . 

PIV (1.1) 



PVI 




PHI 



Thus, Takasaki extended the Painleve-Calogero correspondence to the whole set of the Painleve equations. 
Recently, this result was further developed in [33], where a "quantized" version of the Painleve-Calogero corre- 
spondence was suggested. 

The goal of this paper is to construct 2 x 2-matrix linear problems with a spectral parameter for the Painleve 
equations I-V by means of degeneration processes. In the work [26] we proposed a relation between the elliptic 
SL(N,C) top and Toda systems. This relation is based on the Inozemtsev limit [57] and allows one to obtain 
the Lax pair of a Toda system from the Lax pair of the elliptic SL(N,<C) top. It is known that there is a 
connection between the systems discussed above and the Painleve equations. The equations of motion of a 
non-autonomous elliptic SL(2, C) top are equivalent to a particular case of the Painleve VI equation and the 
equations of motion of non-autonomous Toda systems are equivalent to the Painleve III equation with a definite 
choice of arbitrary constants. Thus, we can apply the procedure from |26| to the linear problem for the Painleve 
VI equation in the elliptic form [25], |20j . |29| . A. Zotov constructed the 2x2 Lax pair with spectral parameter 
z for the Calogero-Inozemtsev system with one degree of freedom [SHI- This Lax pair also provides the linear 
problem for the Painleve VI equation in the elliptic form. The Calogero-Inozemtsev system considered in |30| 
is described by the Hamiltonian on an elliptic curve (l,r), where the parameter r stands for the time in the 
non-autonomous version of this system. So, using the linear problem for the Painleve VI equation from [30] we 
obtain linear problems for other Painleve equations by means of the degeneration processes. 

In Sections [5] and H] linear problems for the Painleve equations V and III are constructed. They are obtained 
as limits of the linear problem for the Painleve VI equation. The common component of these limits is the 
following decomposition of the parameter t of an elliptic curve: 

T = Tl + T 2 , 

where t± stands for the time in the limiting system and r 2 gives the trigonometric limit ImT2 — > +oo. The 
difference between the limits is due to the infinite shifts of the Calogero-Inozemtsev system coordinate u and 
spectral parameter z. The limits also differ in the scalings of constants of the linear problem for the Painleve 
VI equation |30| . 

In Section [3] we construct a linear problem for the Painleve IV equation using the result of Section [5] In 
Sections [5] and [6j using the linear problem from Section |4j we obtain linear problems for the Painleve equations 
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II and I, respectively. Thus, the degeneration relations between the linear problems obtained in this paper can 
be described by the following diagram: 



PV H2.71 2.161) 



PIVEL3 



PVI 



Pni (|4.1QI4.19p 



PII(E3 



PIES 



1.1 Painleve equations 

We will now review general facts and notation about the equations under consideration. The six Painleve 
equations [T], [2], [3], [I] in the rational form [21] are 



PVI: 



d*A 
dt 2 



-(- 

2 U 



1 



1 



A - 1 X — t 



dX 

d7 



x(\-i)(x-t) 
t 2 (t - 1) 2 



i 



^4 + 7 (XrT7 



i 



i 



t- 1 X — t 

t(t-l) 

(X-t) 2 



dX 
dt 



PV: 



d^A 
dt 2 



1 

2A 



PIV: 



PHI: 



A - 1 



1 dA 
I'd! 



(A -If 
t 2 



d 2 X 1 /dA\ 2 3,, „ , 2 
d?=2AU + ^ + 4U 2 



. p\ X r A(A + l) 

aX + -x) + ^ + 5 Jx-iT' 



2 (i — m A + yi 
A 



d^A 
dt 2 



1 

= A 
PII: 



dA 
dt 



+ -(aA 2 + /3)+ 7 A 3 + -, 



d 2 A 



PI: 



t dt 

= 2A 3 + tX + a, 
6A 2 



dt 2 
d*X 
dt 2 

where a, /3, 7, 5 are arbitrary complex constants. The Painleve equations I-V can be derived from the Painleve 
VI equation by means of the degeneration processes (|1.1[) [PS] . 



1.2 Elliptic linear problem for the Painleve VI equation 

The sixth Painleve equation in the elliptic form [25], [2D], [2J5] is 

d 2 u 3 

jZa = -2]T^£ 2 (u + w q ,t), 

a=0 

where uj a = {0, |, "Mr~} and the second Eisenstein function E2(z) (|B.ip is defined on a complex torus (l,r) 
(see Appendix [B| . In this form the Painleve VI equation is equivalent to the equation of motion of a non- 
autonomous Calogero-Inozemtsev system with one degree of freedom which is described by the Hamiltonian 

3 

H vl = v 2 -Y^v 2 a E 2 (u + uj a ). (1.2) 

a=0 

We will also need the following expression to calculate the limits in Sections [31 El [HI 

3 

H vi ^ H vi _ F ^ = v 2 (E2 (u + uj a ) -E 2 (z + u a )) . (1.3) 

a=0 
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The non-autonomous version of the Calogero-Inozemtsev system with one degree of freedom has the following 
2x2 Lax representation constructed in [30] : 

d T L vl - 7^-d z M VI = [L VI , M V1 ] . (1.4) 

The Lax pair L VI , M VI is of the form 

L V1 =(l °)+y:Ll\ I?=( ^aVa(M + Ua ,z)\ (15a) 

I -» j ^ a V v a (p a (-u + u a , z) / ' 



a=0 



M VI = VMf, M^=( , , ° , "a/a(« + Wa ' Z) ), (1.5b) 

a— v 7 

where functions </? Q , f a |32| are defined in the following way (see Appendix [B| : 

(p a (u + up, z)=e (zd T uj a ) <p{u + up,z) , 

f a (u + ujp,z) = e(zd T uj a )d w (/)(w,z) \ w = u + U/n 

11 (u + z)9' 11 (O) 
Vil{u)Vix(z) 

2 Linear problem for the Painleve V equation 

In order to obtain a relation between linear problems for the Painleve equations VI and V we consider two 
different degeneration procedures. These procedures give linear problems for the following ordinary differential 
equations: 

d 2 it « cosu _o sinu ~ 2f . . f . . , 

— = C, 2 — ^— + C* 2 — — + C*|e 2t sm(4u + C 2 C^ sin(2u), (2.1 
di^ sin it cos- 3 u 

5 = C 2 ^ + C 2 -^ + C 4 Vsin ( 2.), (2.2) 
dr^ sin it cos 01 u 

which are the particular cases of the Painleve V equation (|A.2[) . Equations (|2.ip and (|2.2p describe the Painleve 
V equation with any choice of arbitrary constants. Even though these equations are connected by the following 
limit: 

C 2 ->0, C 3 ->oo, C 2 C 3 -> const = C 2 , (2.3) 

the Lax pair of the linear problem for equation (|2.ip (obtained in Section l2~Tj) diverges upon taking (|2.3p . Thus, 
we construct linear problems for equations (|2.1|) and (|2.2p separately. 

In both degeneration procedures we use the following decomposition of the parameter r of an elliptic curve: 

r = r 1 +r 2 , (2.4) 

where t\ stands for the time in the limiting system and r 2 gives the trigonometric limit 7m r 2 — > +oo. The 
difference between the degeneration procedures is due to the infinite shifts of coordinate u and spectral parameter 
z. The degeneration procedures also differ in the scalings of constants of the linear problem for the Painleve VI 
equation. 

We will start with the degeneration procedure giving the linear problem for equation (|2.ip . 
2.1 Linear problem for equation (12. lj) 

We decompose the parameter r of an elliptic curve as it was described earlier, t = t\ + r 2 , which implies 

du du 
dr dri 

The scalings of coupling constants are defined by the limiting behavior of Lax matrices (|1.5ap . (|1.5bp as follows: 

_ i _ i 
? v\ -v 2 q^ 2 + v-3 v 2 q 2 2 + v z 
= — , v\ = — , v 2 = , u 3 = 7, > 

7T 7T ZlT ZlT 
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where q2 — e (Y2) ■ Thus, we obtain the limiting Hamiltonian and the linear problem of the following form: 

— 2 — 2 

H v = v 2 ^— - 8qlu 2 v 3 cos(2ttm) + 8gi5f cos(4t™), (2.5) 

sin (wu) cos z (nu) 

d Tl L V - ^d z M v = [L V ,M V ] = {F V ,i V } , (2.6) 



where 



H w = lim ff vl , gi=e(n), 



/ ?T) — V -I- r^~: \ II — (7 / * * 



ImT2— ^+00 V V 



a=0 



ctg(7rw) + ctg(7rz) \ v _ ( ctg(7rz) - tg(?rw) 



Ctg(7Tw) + Ctg(7Tz) / ' 1 V C tg( 7rz ) + tg(7Tu) 



sin (7r(2w - z)) / ' sin(7T 2 ) V 1 



A/ v = lim M VI = V£ a Mj, (2.7b) 

/mr2- >+oo ^ — ' 
a— 

M ° V = "sin 2 (ttu) ( 1 ) ' MlV = "cos 2 (™) ( 1 

M 2 v = -Stt,* f , ° „ C ° S ^ + Z)) ), M 3 V = 0. 
z 1 y cos (7r(2u — z)) / 

We will also need an equivalent form of the Hamiltonian to calculate the limit in Section [3] This form can be 
derived from expression (|1.3|) in the following way: 



H w =H W - F(z) =v z -V 2 



,sin 2 (7rii) sin 2 (7rz)/ \ v cos 2 (7ru) cos 2 (7rz) / 
— 8qfu 2 V3 (cos(27tm) — cos(27rz)) + &q±v% (cos(47r«) — cos(47rz)) . (2.8) 

Limiting Hamiltonian (|2.5p coincides with the one known for the fifth Painleve equation [53] . It is useful to 
note that (|2.6p is equivalent to (|2.ip . which is a particular case of the Painleve V equation. Indeed, we rewrite 
(|2.6p as a system of two first-order differential equations 




cos(jru) sin(/Tit) 

i -r-37 — r + 2ttv 1 — — - 

sm J (7r-u) cos a {-ku) 



n wfl l n Li 1 anil u u> ^ . , o . , 

-2^1/^-^ — ^ + 2-7^1 ^ — ^ - I6irq?v 2 v 3 sm(27ru) + 327nji^2 sm(47ru), 



which gives 

d 2 M , _ 9 cos(7rw) , _ 9 sin(7rw) 1 . . . „ „ ~o . , , , 

— -5- = -47w„ — ^ — '- + A-nvi ^ — V - 327rg 1 2 1^3 sm(27ru) + Qiirqiv^ sm(47ra). 

drj" sin (ttu) cos d (7ru) 

2.2 Linear problem for equation ( 12.21) 

In this subsection besides decomposition (|2.4p of the parameter r the following shifts are used: 

~ T „ T 

u = u , z = z . (2.9) 

2' 2 V ; 

The scalings of coupling constants are defined by the limiting behavior of Hamiltonian (|1.2p as follows: 

.~ -1/4 ~ -1/4 ~ ~ 

1^2 <?2 ^3 92 V V X 

vo = — 7= , v\ = — 7= — , v 2 = — , V-i = — . 

V27T V2-T 7T 7T 
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Since t\ stands for the time in the limiting system, the shifts (|2.9p are time-dependent, hence, 

du du du 1 

d7 = d7T = d^-2' (2 ' 10) 

and the Hamiltonian defining the equations of motion of the limiting system is given by 

H v = Km H vl + -v + -. 

/(IlT2->+00 2 16 

Using the Hamiltonian (|1.2p of the Painleve VI equation we get 

H V = (v + 7 V - fjUr ~ 4 (v\ + VI) q\' 2 cos (2™) . (2.11) 

V V sin 2 (7ru) cos 2 (ttu) v 2 y ' y ' 

In order to obtain convergent Lax matrices it is necessary to perform the gauge transformation of the form 

rVI . rVI -1 ji rVI . > rVI -1 

L — > gL g , M — > gM g , 
1 

Since the shift of the spectral parameter in the degeneration procedure under consideration is time-dependent, 
equation (|1.4p turns into 



where L VI = L VI (u - r/2, u, z - t/2, t) , A/ VI = M VI (u - t/2,z- t/2, t) . Thus, the Lax pair of the linear 
problem for equation (|2.2p is defined via 

L v = 2iri lim gL VI g~\ M v = lim g (M VI - iriL VI ) g~ l . 

ImT2— >H-oo Iinr?— >+oo 

Equation of zero curvature (jl.4p takes the following form in the limit: 

d Tl L v - d 2 M v = [L v , M v ] , (2.12) 

where 

L V = ^(l ° )+E^, (2-13) 



a=0 



v 27ri/ e i7r(«+2) 9 -i/4 \ rV _ 27ri / ie i7r (" +s ^ 1/4 

L o — • / ~\ _wr«-i.Ti 1/4 „ j L i 



Bin(7Tu) ^ _ e -i7r(n+ 2 ) ? l/4 q y> 1 cOs(7Tlt) ^ ^-1^(^+50^1/4 

lY = 2V2* 



lJ = -2V271- 



M V 



e 27ri(«+H) _ ^ 

-2ie- i7r ^+^g} /2 sin(7r(M-2)) 

e 2m{u+z) + j 

2 e - i ' r ("+ 5 )g 1 1/2 cos(7r(u-2)) 

^ V = i-(7 M+$>AC, (2.14) 

cos(ttu) / 9 - 1 / 4 e i7r («+ s ) \ 

_7r sin 2 (ttu) I gi 1 / 4 e -i 7 r(s+5) o J ' 



, /V sin(7ru) / q, 1 1 A 

ila-i = 17T — — — , i. , _ 

cos 2 (ttm) I _ g V 4 e -^("+J) o 



1 + e 2ix ('"+^ 

^ ( e - 2i7r? + e" 2i7r ") 



= v^vri f 1/2 
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7\/ 3 v = \/2tt 



g l/2 ( e -2i7rz _ e -2i7T«) 



1 — e 2i7r(M+z) 



Lax pair (|2.13p , (|2. 14|) can be simplified by means of the following gauge transformation: 
Z v = gLVg- 1 - (dig) g~\ M v = gM^T 1 - (d Tl g) g~\ 



(2.15) 
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g l/8 e -i7r(S+5)/2 





Qi 





-l/8 e i7r(S+J)/2 



After this transformation the coordinate velocity v enters into the Lax matrix L v with the same shift v + J as 
in the Hamiltonian (|2.1ip . i.e., 



L v = 27ri 





1 



(2.16a) 



L 



sin (ttu) V -1 J ' 



1 



1^ = 4V2tt^ 



1/4 







-4\/27rgJ 



1/4 



sin (n (u ~ J)) 


cos (77 (u — z)) 



2tt / 1 
cos (ttu) \ 1 

- sin (7r (m + z)) 




COS (7T (it + J)) 





Using the Hamilton equation of motion for the coordinate u 



1 



dn 1 ' J 2' 
one can ensure that transformation (|2.15p removes v from the second Lax matrix (j2.14p , namely, 

3 



(2.16b) 



cos(7ra) / 1 



sin 2 (ttu) V 1 



M/ = iTT 



sin (ttu) ( 1 



COS 2 (7Tlt) \ — 1 j ' 



A/7 = 2\/27rigi /4 
Mj = 2V2Triql /4 



cos(7r(u + z)) 

cos (tt (u — z) ) 



— sin (tt (u + z)) 

sin (tt (u — z)) 

To show that equations (|2.12|) and (|2.2p are equivalent we rewrite (|2.12p in the form of a system of two 
first-order differential equations 



du 
dv 



Eliminating v we obtain 
d 2 u 



~2tt^ C0& ^1 + 



sin(7ra) 

sin 3 (7ra) ' cos 3 (7tm) 



8^9^ +vl) sin(27ru). 



_n cos(7ru) sin(7ru) i , _ N 

= -4tt^ 2 : Q \ _{ + 4tw 2 ^— lr - 167rg x 2 + ^) sin(27ru). 



• 3/ ~\ 

sin (ttu) 



cos 3 (iru) 
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3 Linear problem for the Painleve IV equation 

We construct a linear problem for the Painleve IV equation as the limit of the linear problem for the Painleve 
V equation obtained in Section HOI We make the substitutions 



n 



tw 2 
2m~' 



27ri' 



, w 
: 2^i' 



v 

v = —, 
w 



(3.1) 



the scalings of coupling constants and the limit itself w — > 0. After applying (|3.ip the canonical Poisson bracket 
acquires the following form: 

{v, u} = 2T:i. 

We define scalings of coupling constants by the limiting behavior of equations of motion (|2.6p and the Lax 
matrices (j2~Taj) . (|2.7b|) via 



4^2' 



-2iW 



i> 2 



Aw 4 ' 



V3 = 



8i + w ia 



Aw 4 



To obtain the Hamiltonian of the limiting system we use Hamiltonian (|2.8p for the Painleve V equation, because 
the other Hamiltonian (|2.5p diverges as«n0. Thus, the Hamiltonian and the Lax matrices of the limiting 
system are defined as 



H 



IV 



l im ™ #v 

w^o 2m 



L w = lim wL v , 



M 



IV 



lim ^M v . 

uJ->0 27T1 



Finally, we get the following limiting Hamiltonian and the equation of zero curvature: 



32tt 



8tt 



8tt 



16/T \M 2 Z 2 



a t L IV - 9 ? M IV - [L IV ,M IV ] = {H W ,L W } , 



where 



it" 

T 



4 
/ 



a 



\ 2z 2a/2 \z u 



z 3 tz 
32 ~ ~~i 



1 1 



it 



4i 



32 



tz 

7 



2z 2^ V" 




3u 2 



M 



IV 



V 



3£P 



i/3 



_ t iff ^ 

2 8 2\/2w 2 







(3.2) 



(3.3a) 



(3.3b) 



2 8 2y/2v? 

The equivalence of equation (|3.2j) to the Painleve IV equation in the form (|A.4|) can be shown in two steps. 
First, we rewrite (|3.2p as a system of two differential equations 

du 

du /3 2 1 , , x ~ ~, 3u 5 

— = -h= + - it 2 - a) u + tu 3 H . 

^ d< 4u 3 2 V 7 8 

Second, after eliminating v from the system we get the following second-order differential equation: 

d 2 u _ f3 2 
dt 2 " ~ 2^3 



+ it 2 - a)u + 2tu 3 H . 

' 4 
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4 Linear problem for the Painleve III equation 



As in Section [5] we construct a limiting procedure which transforms the linear problem (|1.5|) for the Painleve 
VI equation into linear problems for the following two equations: 

^ = C%e 2t+2u + C 2 e 2t ~ 2u + C Cie t+u + C 2 C 3 e 4 -", (4.1) 

^ = C 2 e 2t ~ 2u + C 2 e t+U + C 2 C^- U . (4.2) 

Equations (|4. 1[) and (|4.2p describe the Painleve III equation (|A.6p with any choice of arbitrary constants. In 
Sections 14.11 and 14.21 we construct two distinct degeneration procedures which give different linear problems for 
equation (|4.ip . A linear problem for equation (|4.2p is constructed in Section |4~51 

Degeneration procedures under consideration are based on a generalization of the Inozemtsev limit and differ 
in shifts of the spectral parameter and scalings of coupling constants. The generalization of the Inozemtsev 
limit consists of the decomposition of the parameter r 

r = r 1 +r 2 , (4.3) 

with t\ denoting the time of the system, the shift of the coordinate 



u = u+^, (4.4) 



and the trigonometric limit lm,T 2 — > +oo. 



4.1 First linear problem for equation (14. lj) 



To construct a linear problem associated with equation (|4.ip we use decomposition (|4.3p , shift of the coordinate 
u (|4.4p . and the trigonometric limit ImT2 — > +oo. From the decomposition of the Lax matrices (|1.5ap . (|1.5b[) 
as a series in q one can determine the scalings of coupling constants 

— i —i —i —i 

U0= 2n ' Vl = 2^ ' = 2. ' " 3 = 2^ ' (45) 

Since t\ is the time of the system, shift (|4.4p of the coordinate u is time-dependent, which implies 



(4.6) 



du du du 1 
dr dri dri 4 

Thus, the Hamiltonian of the limiting system has the following form: 

H m = lim H VI -\v + ±-. 
imT 2 ->+oo 4 64 

Using the Hamiltonian for the Painleve VI equation in the form (|1.2|) . we get 

H HI = (v - I) + 4qjv 2 e 4 ™ + 4qfv 2 e- 4 ™ + Aqf^e 2 ^ + \q\v 2 V^~ 2 ™ \ (4.7) 



Expression (|1.3p gives an equivalent Hamiltonian 



\ 2 

III csi nrlll EV-A / „, I i /l„2T72 /„47rm „47riz\ i ^„2^2 /g— iiriu g— 4-7riz 



ff UI = H m - F{z) = f v - - j + Aql v 2 (e 47rki - e 4jriz ) + 4 9l 2 £f ( 

+Aq\v n v 1 (e 27d " - e 27riz ) + 4gjz7 2 £ 3 (e" 2 ™ - e" 27ri2 ) , (4.8) 

which will be used to calculate a limit in Section [5l 

The equation of zero curvature (|1.4[) preserves the form in the limit 

d Tl L m -^3 z A/ m =[L m A/™], (4.9) 

27T1 L J 
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where 



L™= lira L^=( V ° \ + ^ VaL m (4 . 10a) 



a=0 



III _ o;„~ f u e \ rill / U 1 



M U1 = lira i VI = V^ Q M™, (4.10b) 

fill _ A„„t 2ltiU f 1 IH 



M Ui = 47r^e^ I i o i ' A/r = 0, 

l / n „-i7r(2«+2) \ 

A/ 2 IH - e _.J 2U _ z) Q J, M^ = 0. 

Equation (|4.9p describes the Hamilton equations of motion of the limiting system 

*- {a n. iS} 

i — I — i ~i 

— = {H m ,v} = -l&mqll%e Aviu + Wmq? ^fe" 4 ™ - 8i7r 9l J ? ^ie 27ritl + 8i?r 9l 4 v 2 v 3 e 

and is equivalent to the following second-order differential equation 
d 2 _u 

which in turn coincides with (|4.1[) up to a change of arbitrary constants 



'2 y; i // 



^ = -32i7rg x 2 ? 2 e 47riu + 32i7r gi 2 ?f e" 4 ™ - M^^ie 2 ™ + 16i7r g 4 £^ 3 e™ 27rk \ (4.11) 



4.2 Second linear problem for equation ( 14. lj) 

Adding to the degeneration procedure described in Section 14.11 the shift of the spectral parameter 



(4.12) 



we get another linear problem associated with equation (|4.ip . The gauge equivalence of the second linear 
problem to the first linear problem 14.101 has not been established. 

Thus, we use decomposition (|4.3[) of the parameter r, shifts of the coordinate (|4.4[) and the spectral parameter 
(I4.12p . and the trigonometric limit ImT2 — > +oo. Scalings of coupling constants are determined from the 
decomposition of the Hamiltonian (jl.2[) as a series in q 

— i — i — i — i 

u q 2 4 + vi -v a q 2 4 + v\ v 2 q 2 4 + z/ 3 v 2 q 2 4 - i/ 3 

V » = 2^ ' Vl = ' V2 = 2^ ' V ^ 2^ ■ 

Since substitution (|4.4[) is time-dependent, the time derivative of the coordinate u of the Calogero-Inozemtsev 
system and the time derivative of the coordinate u of the limiting system are connected via (|4.6[) as follows: 

du du du 1 
dr dn dri 4 

Thus, the Hamiltonian of the limiting system is of the form 

H m = lim ifVl_l + J_ 

;mT 2 ->+oo 4 64 

Using the Hamiltonian (|1.2p associated with the Painleve VI equation one can derive the following explicit 
formula for H 111 : 

H m =L-l) 2 + 4^V™ + 4£ >W /4 e 2 ™ + 4£f ^V 4 ™ + 4^ 3 <7 1 / V 2 ™. (4.13) 
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After substitutions (|4.3p , (|4.4p , and (|4.12p the equation of zero curvature (|1.4p transforms into 

d ^ LV1 ~ % (i MVI + \ LYl ) = t LVI ' MVI ] ' 

where L VI = L VI (u + r/4, u, z + r/2, r) , and A/ VI = Af VI (2 + r/4, z + r/2, r) . This implies the following 
definitions of the Lax matrices: 

L m = 2^i lim L v \ M m = lim (M VI + 7riL VI ) . 

/mr2^ + oo Imr-2— >+oo 

Finally, the equation of zero curvature acquires the form 

d Tl L m - dsM 111 = [L m , M m ] , (4.14) 



where 



L m = r Um L VI = 2*1 ( J ° J + E ^ (4-15) 



v 
-v 

e 27ri5 _ e -2m(ff+2) \ m ^ fQ i 



L\? = 4^ ( _ I , = 4tt . 



M m = lim M VI = i7 r( J ° j + y 



MJ" - 2»,;" ( e L + ) , MJ» . ^ ( ° J 

As in subsection 12.21 we can remove w from the second Lax matrix M (|4.16p by means of the gauge 
transformation 

L m H- .gi 111 ^ 1 - <r\ A/ 111 -> .gM 111 ^ 1 - (d Tl g) g~\ 



9 = 



- 1i 



l/16 e i7r(2S+r)/4 Q 



9 -l/16 e -ix(2«+S)/4 



Applying the transformation, we get the first Lax matrix L m (|4.15p with the same shifted velocity v — g as in 
the Hamiltonian (|4.13p . 

Equation (|4.14p is equivalent to the Hamilton equations of motion 

f -{*-.«>-».- j. 

= {i/ ln ,v} = -167ri^gi/ 2 e 4wiS - 87rii?o?ig 1 /4 e 2 ' riS + leTri^fg^V 4 ™ + Sm^^V 27 ™ 
These equations in turn are equivalent to the following second-order differential equation: 

= -32™ 2 gi 1/2 e 4 ™ - 16™ ?i gi /4 e 2TiS + 32™ 2 g 1 1/ V 4 ™ + leTri^g^V 2 ™, 
which coincides with (|4.ip up to a change of arbitrary constants. 
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4.3 Linear problem for equation ( 14. 2 j) 

In this subsection we use decomposition (|4.3[) of the parameter r of an elliptic curve, the substitution of the 
coordinate (|4.4p , and the shift of the spectral parameter 

~ T 
z = z + —. 

4 

The scalings of coupling constants are determined from the decomposition of the Hamiltonian (|1.2[) as a series 
in q in the following way: 

~ -1/8 .- -1/8 ~ -1/4 ~ ~ -1/4 ~ 

^09 2 1Z ^2 +^3 -^2<7 2 +^3 

As it was mentioned in subsection 14 . 1 1 shift of the coordinate (|4.4|) is time-dependent. Thus, the Hamiltonian 
of the limiting system have the following form 

H m = lim H VI -\v + ±-. 

Im T2-S-+00 4 64 

Using the Hamiltonian (jl.2[) for the Painleve VI equation one can derive 

H m = (v ^ 2 + (? 2 + Z?) gi 1/4 e 2i ^ + l^V V 4i ™ + 4^ 3 <Z 1 / V 2i ™. (4.17) 
In this case in order to get convergent Lax matrices it is necessary to make the gauge transformation 

1 

n -1/8 
q 2 

After applying the shift of the spectral parameter, equation of zero curvature (jl.4p becomes 

d Tl L VI - + iL VI ) = [L VI , Af VI ] , 

where L VI = L VI (u + r/4, u, z + r/4, r) , A/ VI = M vl (u + t/4,z + t/4, t) . This implies the following defini- 
tion of the Lax matrices 

i m = 27ri lim gL VI g-\ M UI = lim 9 f M VI + -L VI> ) j?" 1 . 

7mr2->+oo Imr^— >-\-oo V 2 / 

Finally, the equation of zero curvature acquires the following form: 

d Tl L m - %M m = [L m , M m ] , (4.18) 



where 



u 
-\ 

-III o_ / 1 I rill 



a=0 

L " 1 = l <Zi 1/4 (e 2i ^ - e 2i ™) J ' L{LL = 2lT[ ( q\ /4 (e 2i ^ + e 2i -) 
I? = -^V** ( ^ ^ 6 7 ) , = 4^V- ( J J 



a=0 



A/f III _ T / 1 \ A ,III _ "T 

~ 2 V 9l 1/4 (3e 2i ™ + e 2i7r? ) 0/' 1 ~ 2 ^ e 2i - z - 3e 2i ™ 
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2 = (, ^V 1 **") J ' M > = ^ 6 ( 1 

As in subsections 12.21 and 14.21 we can remove w from the second Lax matrix M m (|4.19bp by means of the 
gauge transformation 

L m H- ^"T 1 - (Star) r 1 , Af 111 H- gM 111 ^ - (d Tl g) g~\ 

~_( q {/ 32 e ^+T>/i o \ 

9-y g -i/3a e _ iT(5I+s)/ 4 J ■ 

Applying this transformation we obtain the first Lax matrix L m (|4. 19a|) with the same shifted velocity v — ^ 
as in the Hamiltonian (|4.17p . 

Equation of zero curvature f|4. 1 8[1 is equivalent to the Hamilton equations of motion 

du r TTT —-. 1 

— = {H llI ,u}=2v--, 

^- = ~2mq{ /4 (vl + V 2 ) e 2i ™ + l6mq\ /2 V 2 e-^ z + %mq\ Ji v 2 v 3 e- 2i ™ , 



Eliminating v from this system we get the second-order differential equation 

H = -4i^ 1 1/4 (V 2 + V 2 ) e 2i ™ + 32in q { /2 V 2 e-^ + Wmql^Wse- 2 ™, 
which coincides with f|4.2[) up to a change of arbitrary constants. 

5 Linear problem for the Painleve II equation 

We construct a linear problem for the Painleve II equation by means of the degeneration process from the linear 
problem constructed in subsection 14.11 This process involves substitutions 

n = 1 r-r, u = U—, z = Z—, v = —, (5.1) 

Z7T1 Z7T1 Z7T1 W 

scalings of coupling constants, and the limit w — > 0. After applying (|5.ip the canonical Poisson bracket trans- 
forms into 

{V,U} = 2iri. 

From the decomposition of Lax matrices (|4.10ap , (|4. 10b|) as series in q one can determine the scalings of 
coupling constants 

1 + w 2 ~ . 2 - w 3 „ . 1 - u> 2 „ i / „ 2 



Since Hamiltonian (|4.7p for the Painleve III equation diverges as an 0, we use the equivalent form (|4.8[) to 
obtain the Hamiltonian of the limiting system 

= l im ^H m . 

lo->0 27T1 

The Lax matrices of the limiting system are defined as 

L u = lim wL m , M n = lim —A/ 111 . 

Thus, we get the limiting Hamiltonian and the equation of zero curvature in the following form: 

rII _ iV 2 ia(U-Z) it(U 2 -Z 2 ) i(U 4 -Z 4 ) 



2?r 4tt 8tt 8tt ' 

d t L u - d z M u = [L l \ M n ] = {if 11 , L 11 } , (5.2) 
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where 

t a Z 2 UZ U 2 
2 1~Z + T6 + ~ + ~ 

-V 



V 




Z 2 UZ 


16^' 


4 


M u = 1 






I U 




(5.3a) 



(5.3b) 

One can rewrite (|5.2p as the following system of the first-order differential equations: 

which coincides with the Hamilton equations of motion. Eliminating v from this system we get the Painleve II 
equation 

^ = 2£/ 3 + tU + a. 

6 Linear problem for the Painleve I equation 

In this Section we construct a linear problem for the Painleve I equation via the degeneration process from the 
linear problem constructed in subsection 14.11 This process consists of the substitutions 

w 2 t _ TT w V 1 _ w . „. 

ti = ttt, u=U—, « = -, Z = --+Z—, 6.1 
27ri 2ni w 2 27ri 

scalings of coupling constants, and the limit w — > 0. After applying (|6.ip the canonical Poisson bracket trans- 
forms into 

{V,U} = 27Ti. 

The simplest way to determine scalings of coupling constants is to analyze the decomposition of the Hamiltonian 
(14. 7[) as a series in q. This gives 

i i „ 1 1 



"° 2V2W2' Vl ^/2w 5 / 2 ' V2 2V2w 5 / 2 ' " 3 V2w 5 / 2 ' 
To obtain the convergent Lax matrices we have to make the following gauge transformation 

L m ->gL m g-\ M m -> gM m g-\ 

1 

JIB 



and consider the limit 

2 

l} = Um wgL IlI g-\ M 1 = lim —_ g M m g- 1 . 
w— >o w— >o 27ri 

Using the Hamiltonian (|4.7p for the Painleve III equation we derive the Hamiltonian of the limiting system 

H l = hm —H m = h h — . 

W->0 27T1 27T 47T 2-7T 

After taking the limit the equation of zero curvature becomes 

dtL 1 - dzM 1 = [L\ M l ] = {H\ L 1 } , (6.2) 

where 

(6.3) 
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One can rewrite (j6.2p as a system of the first-order differential equations, which is equivalent to the Painleve I 
equation 

dt v ' d 2 U 



= 6U Z + 1. 



7 Conclusion 



We have constructed linear problems for the Painleve equations I-V via the degeneration processes from the 
linear problem for the Painleve VI equation. These degeneration processes can be described by the following 
diagram 

PV *-PIV (7.1) 



PVI >■ PHI PII 



PI 

Thus, we have supplemented the known relations between the Painleve equations with the degeneration 
scheme (|7.1[) for the 2 x 2-matrix linear problems discussed in this paper. 

Since one can obtain the Calogero-Inozemtsev system via the reduction from the 2x2 elliptic Schlesinger 
system with four marked points, it is possible to apply the proposed degeneration process to the general case of 
the elliptic Schlesinger system. This process can probably give new non-autonomous systems which describe the 
interaction between the non-autonomous Toda and Calogero-Moser systems. We will study such a degeneration 
process in the subsequent work. 
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A Painleve equations 

In this Section we present a connection between the different forms of the Painleve equations V, IV, and III 
considered in this paper. 



A.l Painleve V 

The Painleve V equation has the following rational form: 

d 2 A / 1 1 WdA\ 2 IdA (A-l) 2 / f3\ A A (A + 1) 



In order to obtain the equivalent form of (|A.1[) which we use in Section [2] one can perform the following change 
of variables: 

x(t) = x(u(t)) = -t g 2 (™(t)). 

As a result, (dX/dt) 2 becomes zero. After the substitution t (r) = e T the derivative dX/dt becomes zero as well, 
which leads to 

d 2 u a sin(7rw) (3 cos(ttu) . 2 _ . 

— = + £- , 3 V ; + 2 7 e r sm 2ttu + 5e 2r sin 4ttu . A.2 

dt 1 2ir cos (iru) 2n sm (iru) 
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A.2 Painleve IV 

The Painleve IV equation has the following rational form: 



d 2 A 1 /dA\ 2 



-X 3 +4tX 2 + 2(t 2 -a)\ + ^-. 
2 A 



(A.3) 



dt 2 2A V dt J 

In order to obtain the equivalent form of (|A.3[) considered in Section [3] one can make the change of variables 

A (i) = u 2 (t) , 

which leads to 



d'u 3u b 



2tu° + (r - a) it-, 
dt 2 4 v ' 2u 3 



(A.4) 



A.3 Painleve III 

The Painleve III equation has the following rational form: 



d 2 A 1 /dA\ 2 IdA 1 , , 2 x3 6 



A 



(A.5) 



In order to obtain the equivalent form of (|A.5|) which we use in Section @] one can make the change of variables 

A(t) =e" (t) . 

Substituting t = e T into (|A.5|) we get 



d 2 u 
di2" 



r+u + (3c T - u + 7 e 2(r+u) + 5e 2{T - u) . 



(A.6) 



B Elliptic functions 



The definitions and properties of elliptic functions used in the paper can be found in |33j and |34| . The main 
object is the theta function defined by 



where q = e (r) = exp (27rir). 

We also use the Eisenstein functions 



£k(z) = lim (z + n) 

n=—M 



-k 



k e N, 



M 

E k (z) = lim } e k (z + nT). 

M— >+oo z — * 
n=-M 

To determine limits of Lax matrices we use the following functions: 



1/2 
1/2 



z + 



(u,z) = 



+ z)tf'(O) 



0(u)0(z) ' 
ip a (u + up, z) = e (zd T ui a ) (f>{u + up, z) , 
/a (u + wp,z) = e(zd T oj a )d w ^(w,z) \ W = U+Ufi , 
where to a = {0, |, J, "Mr 1 }- The functions satisfy the following well-known identities: 

z)(f)(—u, z) = E 2 (z) - E 2 (u), 



(B.l) 

(B.2) 
(B.3) 
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d u <t>{u, z) = <f>(u, z)(£?i(u + z)- E x {u)), (B.4) 

parity 

B fc (-z) = (-l) k E k (z), 
#(-z) = -0(z), 
<j>(u, z) = (j>{z, u) = -(f>(-u, -z), 

and quasi-periodicity 

E 1 (z + l) = E 1 (z), E r {z + t) = E x {z) - 2m, 
E 2 (z + l)=E 2 {z), E 2 (z + t)=E 2 {z), 

(B.5) 

d(z + 1) = -#(2), $0 + r) = -g-»e(-z)i?(z), 
0(u + 1, z) = <fi(u, z), 4>(u + t,z) = e(—z)4>(u, z). 
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